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Abstract

In quantum information processing by NMR one of the major challenges is relaxation or decoherence. Often it is found that the
equilibrium mixed state of a spin system is not suitable as an initial state for computation and a definite initial state is required to be
prepared prior to the computation. As these preferred initial states are non-equilibrium states, they are not stationary and are
destroyed with time as the spin system relaxes toward its equilibrium, introducing error in computation. Since it is not possible
to cut off the relaxation processes completely, attempts are going on to develop alternate strategies like quantum error correction
codes or noiseless subsystems. Here we study the relaxation behavior of various pseudo pure states and analyze the role of cross-
terms between different relaxation processes, known as cross-correlation. It is found that while cross-correlations accelerate the

relaxation of certain pseudo pure states, they retard that of others.

© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Quantum information processing (QIP) often re-
quires pure state as the initial state [1,2]. Shor’s prime
factorizing algorithm [3] and Grover search algorithm
[4] are few examples. Creation of pure state in NMR
is not easy due to small gaps between nuclear magnetic
energy levels and demands unrealistic experimental con-
ditions like near absolute zero temperature or extremely
high magnetic field. This problem has been circum-
vented by creating a pseudo pure state (PPS). While in
a pure state all energy levels except one have zero pop-
ulations, in a PPS all levels except one have equal pop-
ulations. Since the uniform background populations do
not contribute to the NMR signal, such a state then
mimics a pure state. Several methods of creating PPS
have been developed like spatial averaging [5,6], logical
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labeling [7-10], temporal averaging [11], and spatially
averaged logical labeling technique (SALLT) [12]. How-
ever pseudo pure state, as well as pure states are not sta-
tionary and are destroyed with time as the spin system
relaxes toward equilibrium. In QIP, there are also cases
where one or more qubits are initialized to a suitable
state at the beginning of the computation and are used
as storage or memory qubits at the end of the computa-
tion performed on some other qubits [13]. In these cases
it is important for the memory qubits to be in the initial-
ized state till the time they are in use, since deviation
from the initial state adds error to the output result.
Since it is not possible to stop decay of a state which
is away from equilibrium, alternate strategies like quan-
tum error correction [14] and noiseless subspace [15,16]
are being tried. Recently, Sarthour et al. [17] has re-
ported a detailed study of relaxation of pseudo pure
states and few other states in a quadrupolar system.
Here we experimentally examine the lifetime of
various pseudo pure states in a weakly J-coupled two
qubit system. We find that cross-terms (known as
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cross-correlation) between different pathways of relaxa-
tion of a spin can retard the relaxation of certain PPS
and accelerate that of others.

In 1946, Bloch [18] formulated the behavior of popu-
lations or longitudinal magnetizations when they are
perturbed from the equilibrium. The recovery toward
equilibrium is exponential for a two level system and
for a complex system the recovery involves several time
constants [19]. For complex systems the von Neumann—
Liouville equation [20,21] describes mathematically the
time evolution of the density matrix in the magnetic res-
onance phenomena. For system having more than one
spin the relaxation is described by a matrix called the
relaxation matrix whose elements are linear combina-
tions of spectral densities, which in turn are Fourier
transforms of time correlation function [22] of the fluc-
tuations of the various interactions responsible for
relaxation. There exist several different mechanisms
for relaxation, such as, time-dependent dipole-dipole
(DD) interaction, chemical shift anisotropy (CSA),
quadrupolar interaction, and spin rotation interaction
[22]. The correlation function gives the time correlations
between different values of the interactions. The final
correlation function has two major parts, namely the
‘auto-correlation’ part which gives at two different times
the correlation between the same relaxation interaction
and the ‘cross-correlation’ part which gives the time cor-
relation between two different relaxation interactions.
The mathematics of cross-correlation can be found in
detail, in works of Schneider [23,24], Blicharski [25],
and Hubbard [26]. Recently, a few models have been
suggested to study the decoherence of the quantum
coherence, the off-diagonal elements in density matrix
[27,28]. It can be shown that in the absence of r.f. pulses
and under secular approximation, the relaxation of the
diagonal and the off-diagonal elements of the density
matrix are independent [19]. Here, we study the longitu-
dinal relaxation that is the relaxation of the diagonal
elements of the density matrix and the role of cross-cor-
relations in it.

2. Theory

2.1. The pseudo pure state: in terms of magnetization
modes

In terms of magnetization modes, the equilibrium den-
sity matrix of a two spin system is given by [6,21,29,30]
Xeq :V1112+V2122a (1)

where y; and 7, are gyro-magnetic ratios of the two spins
I, and I, respectively [Fig. 1]. In general, the diagonal
density matrix of the two spin system, can be written as

X::todlziﬂ]zz:tvzllzlzz, (2)

Fig. 1. (A) Chemical structure of 5-fluoro 1,3-dimethyl uracil. The
fluorine and the proton spins (shown by circles) are used as the two
qubits 7, and I, respectively. (B) The energy level diagram of a two
qubit system identifying the four states 00, 01, 10, and 11. Under high
temperature and high field approximation [21], the relative equilibrium
deviation populations are indicated in the bracket for each level.
Assuming this to be a weakly coupled two spin system the deviation
populations become proportional to the gyromagnetic ratios y; and 7,.
1’; refers to the transition of the jth spin when the other spin is in
state |k). Thus H° means the proton transition when the fluorine is in
state |0).

for which the condition o« = § = v = K, corresponds to
the density matrix of a pseudo pure state (PPS) given

by [6]

Ypps = K[ELz £ 1z £ 2117157], (3)
where K is a constant, the value of which depends on the
method of creation of PPS. The first two terms in the
right-hand side in Egs. (2) and (3) are the single spin or-
der modes for the first and second spin, respectively,
while the last term is the two spin order mode of the
two spins [6]. Choosing properly the signs of the modes,
the various PPS of a two-qubit system are:

+liz 4 Iy + 2117057],

Tops = ]
—1z 4 Iz + 2117157],
]
]

SOl
Xpps =

K
» @
10 _
Ypps = K
K

+liz — Doy + 211705,
+liz + 1oy — 2117057

)
1
Tops =

The remaining four combinations of signs of the modes
in Eq. (3) give the same four PPS as given in Eq. (4) with
an overall negative sign. The relative populations of the
states for the four different PPS are shown in Fig. 2.
While in PPS (Eq. (3)), the magnitude of the all three
modes are equal, the equilibrium density matrix (Eq.
(1)) does not contain any two spin order mode. To reach
Eq. (3) starting from Eq. (1), the two spin order mode
has to be created and at the same time the magnitudes
of all the modes have to be made equal.
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A [00>PPS B |01y PPS
K2 K2
11 11
K12 K2 -3K2 K2
01 10 01 10
3K/2 K2
00 00

C [10pPPS D [11pPPS

K72 —-3K/2
11 11
K72 —-3K/2 K72 K72
01 10 01 10
K72 K72
00 00

Fig. 2. Population distribution of different energy levels of a two spin
system in different pseudo pure states. K is a constant whose value
depends on the protocol used for the preparation of PPS. (A-D) show
respectively the |00), |01), [10), and |11) PPS.

2.2. Relaxation of magnetization modes

The equation of motion of modes M is given by [22]
d — N —
— g M(0) = T'M(2) — M(c0)], (5)

where I is the relaxation matrix and M (cc) is the equi-
librium values of a mode. For a weakly coupled two spin
system relaxing via mutual dipolar interaction and the
CSA relaxation, the two dominant mechanism of relax-
ation of spin half nuclei in liquid state, the above equa-
tion takes the form

I4(1) pr o1 O Iz(t) = I1z(0)
—— | Ixz(t) =|0on pp 0 Lz (t) — Iz (00) |,
217157(t) 012 0212 P12 2112057(2)

(6)
where p; is the self relaxation rate of the single spin order
mode of spin i, p;; is the self relaxation rate of the two
spin order mode of spin i and j, o;; is the cross-relaxation
(nuclear Overhouser effect, NOE) rate between spins i
and j and J;; is the cross-correlation term between
CSA relaxation of spin i and the dipolar relaxation
between the spins i and j. p and ¢ involve only the
auto-correlation terms and ¢ involves only the cross-cor-
relation terms [22]. Magnetization modes of an order re-
laxes to other orders through cross-correlation and in its
absence, the relaxation matrix becomes block diagonal
within each order. The relaxation of modes are in gen-
eral dominated by their self relaxation p, but in case
of samples having small p (long T), the cross-correla-

tion terms become comparable with self-relaxation and
play an important role in relaxation of the spins. The
formal solution of Eq. (5) is given by

M(t) = M(00) + [M(0) — M(co)] exp(—Tt). (7)
As time evolution of various modes are coupled, a
general solution of the above equation requires diago-
nalization of the relaxation matrix. However, in the ini-
tial rate approximation Eq. (7) can be written (for small
values of t = 1) as
M(t) = M(o0) + [M(0) — M(co0)][1 — I'1]
= M(0) — I't[M(0) — M(c0)]. (8)
This equation asserts that in the initial rate approx-
imation, the decay or growth of a mode is linear with
time and the initial slope is proportional to the corre-
sponding relaxation matrix element. If the modes are
allowed to relax for a longer time, their decay or
growth deviates from the linear nature and adopts a

multi-exponential behavior to finally reach the equilib-
rium [22].

2.3. Relaxation of pseudo pure state

Let a two-qubit system be in |00) PPS at 1 = 0.
7°(0) = K11z + Loz + 2117057). 9)
After time ¢ it will relax to
1) = (K + 4(0))1z + (K + A1)z
+ (K + 412(2))211217, (10)

where A4,(f), 4,(t), and 4,5(¢) are the time-dependent
deviations of respective modes from their initial values.
The deviation of the two spin order can be measured
from spectrum of either spin. Eq. (10) can also be writ-
ten as

22 (1) = (K + A ()2 + Loz + 2Liz07] + (4, (1)
— Ap(O)) 1z + (4:(2) — A12()) 2. (11)
The first term is the pseudo pure state with the coef-
ficient decreasing in time while the other two terms are
the excesses of the single spin order modes with coeffi-
cients increasing in time. For other pseudo pure states
Eq. (11) becomes:
Xm(t) = (K+ AIZ(t))[_IIZ +122 +2112122]
+ () + A2(0) 1z + (42(2) = A2 (0)]oz, - (12)

70 = (K + A402(0)) 117 — Irz + 211 7157]
+ (41(8) = A12()) 12 + (A2(t) + A12(8)) 2z, (13)

716 = (K — 40(0) 11z + 12z — 2112107] + (4 (2)
+A12(f))[12+(Az(l)+A12([))122. (14)
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In the initial rate approximation (using Eq. (8)) we ob-
tain for the |00) PPS:

A1(7) = lp (31 — K) + 012(7, — K)
A3(7) = tlona(y; — K) + p1 (72 — K)

Ap(t) = 1[112(7) — K) + 02,12(y2 — K) — Kpyy). (17)

Let the coefficients of the PPS term and the two single
spin order modes ;> and I, in Eq. (11) be called as
A, B, and C, respectively. Fig. 3 schematically shows
the time evolution of the coefficients A, B, and C for
|00) PPS. Any coefficient for any PPS at any instant, is
simply the initial value plus the total deviation due to
the auto and the cross-correlations. For example, A
for 100y PPS at time 7, is A”(1) = K+A2‘jm( )+

— Kd112], (15)

—Kéz_’]z], (16)

ASS (1), where K is the initial value, and Aamo(r) and
A _ _
O, L,=1
e
4 L,=1
2L,L,=0
6 - B I,,=0.5;A=0.5
(tPESO) HI(A) I,,=0.5;B=0
21,,1,,=0.5;C=0
C D o 1,,=0.7
2 L,=0.6
t=1) D 21,,1,,=0.4
D . A=0.4
Opps B=0.3
t=1) C=0.2
E
G . I,,=0.9;A=0.1
ppS, =0 8B
2 7) 1,,=0.8;B=0.8
(> 1) 21,,1,,=0.1;C=0.7

I, L, 21,1,

Fig. 3. Schematic representation of decay of the coefficient A and
growth of the coefficients 5 and C. The magnetization modes are
normalized to their respective equilibrium values. In each sub-figure the
three bars correspond to the modes /,z, I, and 21,1, from left to
right. The amount of any mode present at any time is directly
proportional to the height of the corresponding bar. The numbers
provided in the rightmost column represent typical values of the modes.
(A) Thermal equilibrium. At thermal equilibrium only /; > and I, exist.
(B) |00y pseudo-pure state just after creation, where all the three modes
are equal in magnitude. For |00) PPS all modes are of same sign but this
is not the case for other PPS [Eq. (3)]. Coefficient A is the common
equal amount of all the modes and it is maximum at 7 =0. (C) The
amount of magnetization modes (schematic) at time t, after preparation
of the PPS at ¢t = 0. The two single spin order modes increase and the
two spin order mode decreases from their initial values. (D) The state of
various modes at time 7, (same as C) redrawn with filled bar to indicate
the residual value of A. All the three coefficients A, B, and C are shown.
A (shown by the filled bar), which is the measure of the PPS, has come
down by the same amount as the two spin order. B (shown by the empty
bar) and C (shown by the striped bar) are the residual part of the single
spin order modes I, and I, respectively. (E) The values of various
modes and coefficients after a delay ' > 7.

A%(7) are the deviations at t due to auto-correlation
and cross-correlation parts, respectively.

2.3.1. Contribution of auto-correlation terms to the
deviation

Putting the values of the deviations of different modes
obtained from Egs. (15)—-(17) in Egs. (11)—(14), we ob-
tain the contribution only of auto-correlation terms to
the deviation from initial value of the coefficients A,
B, and C under initial rate approximation (at t =) as:

Ao (1) = Ao (1) = Ay (1) = Aiim( )=—Kpit;
Bauo () =01 (1 —K) +012(7, — K) + Kpyl;

Biio () =01 (1 +K) +002(7, —K) = KpylT;

Biuo(®) =01 (1 —K) +002(72 +K) + Kyl

By () =01 (1 —K) +012(7 —K) +KpylT;

Couto(D) = [012(7) = K) + p1 (7, — K) +Kpyo);

Couto (D) = [002(71 +K) + p2 (7, — K) +Kpyo];

Cauto(D) = [012(7) = K) + p1 (1, +K) —Kpyo);

Cauto() = [012(71 = K) + p1 (1, — K) +Kpyo]t. (18)

It is evident that in absence of cross-correlations the |00)

and [11) PPS relax at the same initial rate since
00 1 00 11 0 11

Aaulo Aaulo’ Baulo = Bduto’ and Cgulo = Caulo However

the same is not true for [01) and |10) PPS.

2.3.2. Contribution of cross-correlation terms to the
deviation

The contribution by the cross-correlation terms is
given by

AOO( ) =+[01.12

[01.12(71 — K) + 6212(7, — K)]1;
«4201 (1) = +[o12(y + K) + d212(p2 — K)]7;
A1) = +[d112(p — K) + 2.10(0y + K)]1;
Aicl (1) = =[012(y1 — K) + d212(p2 — K)]73
BR(1) = =[01.1201 + 6212(7, — K)];
Bl (1) = +[01.1271 + 6212(7, — K)]1; (19)
B(t) = —[61.127) + 02,12(7, + K)]1;
By (t) = +[011271 + 21272 — K]
Coc(t) = =[0112(y1 = K) + S2.1272])7;
Coe (1) = =[61.12(31 + K) + 62.1275]7;
Cee(t) = +[61.12(31 — K) + 62.1275]7;
C (1) = 0112031 — K) + daa71].

The important thing is that the presence of cross-correla-
tion can lead to differential relaxation of all PPS. Positive
cross-correlation rates 6,1, and d, 1,2, slow down the
relaxation of all the three coefficients for |00) PPS since

(A" (2) > Ao (1), B (1) < Bllyy(0), € (1) < Ciiyo (7)),

auto auto

while make the relaxation of all three coefficients faster
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for |11y PPS since (A''(z) < Al (v),B" () > Bl (7),
C'"(r) > C!! . (1)). For |01) and |10) PPS cross-correla-
tions give a mixed effect since (A" (1) > A% (1),
B (1)> B (1).C° (1) <L (1)) and (A(1) > AD (2),
Blo(r)<B;§t0(r),cm(r)>C;§t0(r)). As the contributions
of the auto-correlation part for |00) and [11) PPS are
equal, we have monitored the relaxation behavior only
of 00 and |11) PPS to study the effect of cross-
correlations.

For samples having long T, where the cross-correla-
tions becomes comparable with auto-correlation rates,
the four PPS relax with four different rates and the dif-
ference increases with the increased value of the cross-
correlation terms. The three coefficients A, B, and C
(normalized to the equilibrium line intensities) in terms

of proton and fluorine line intensities for |00) PPS are:

_ H'()-H'() _ F'()-F'(t)
A = o) T B (o0) ~ F(o0) + F(o0)
B 2H' (1)
B = 10 + () “
g
C(t) _FO(OO) +F1(OO)’
and for [11) PPS are:
_ H@O-H@ _ F)-F@
A = o) T H(o0) ~ F(o0) + F(o0)
R
B(¢) _Ho(oo) + H' ()’ 2l
el = 2F°(1)

F(00) +F'(00)’

where H° and H' are intensities of the two proton tran-
sitions, when the fluorine spin is, respectively, in state |0)
and |1). Similarly F° and F' are intensities of two fluo-
rine transitions corresponding to the proton spin being,
respectively, in the state |0) and |1), as shown in Figs. 1
and 6. H(t) and H(o0) give the H° line intensity respec-
tively at time ¢ and at equilibrium. Thus by monitoring
the intensities of the two proton and two fluorine tran-
sitions as a function of time, one can calculate the coef-
ficient A(¢) which is a measure of decay of PPS.

3. Simulation

Relaxation of the coefficients A, B, and C have been
simulated using MATLAB, for a weakly coupled
YF_'H system. The relaxation matrix used for the sim-
ulation is

0.3125 0.02 9,1,
I'=1{ 002 033 6,
51‘12 52‘12 033

A(t)-A(0)
0
n -
Pl 0.1
Qe Q
o o -0.2
T
N~ 0.3
- -
- o -0.4)
O O 0
050 05 10 15 20 25
n
N O
S S
[= =)
non
N N
- -
- o
7e%7%)
N «—
© o
o o
non
N N
- -
- N
7eR%e)
050 05 10 15 20 25
o N
S o
o o
non
N N
- -
- o
7eX7e)
050 05 10 15 20 25

Delay(Sec.) ——m>

Fig. 4. Simulation of decay of coefficient .A. The boxes ((J) and circles
(O) correspond to the |11) and |00) PPS, respectively. In each plot
deviation from initial value (A(¢) — .A(0)) has been plotted.

Fig. 4 shows the decay of coefficient A with time. A%
and A" shows no difference in decay rate in absence
of cross-correlation rates. As 6, 1, and 0, 1, are increased
more and more difference in decay rate is observed. Fig.
5 shows growth of coefficients B and C. As 9, ;5 is taken
smaller than 6, ;,, difference in decay rate between c”
and C'" is found to be less than between B and B''.

4. Experimental

All the relaxation measurement were performed on a
two qubit system formed by one fluorine and one proton
of 5-fluoro 1,3-dimethyl uracil yielding an AX spin sys-
tem with a J-coupling of 5.8 Hz. Longitudinal relaxation
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00 05 10 15 20 25 00 05 10 15 20 25

Delay(Sec.) —————>

Fig. 5. Simulation of growth of coefficient B and C. The boxes (OJ) and
circles (O) correspond to the |11) and |00) PPS, respectively.

time constants for '°F and 'H are 6 and 7.2 s, respec-
tively, at room temperature (300 K). All the experiments
were performed in a Bruker DRX 500 MHz spectrome-
ter where the resonance frequencies for '°F and 'H are
470.59 and 500.13 MHz respectively. The pseudo-pure
state was prepared by spatial averaging method using
J-evolution [6]. Relaxation of all the three coefficients
for |00) and |11) PPS has been calculated. Since auto-
correlations contribute equally to the relaxation of these
two PPS, any difference in relaxation rate can be attrib-
uted to cross-correlation rates.

Sample temperature was varied to change the correla-
tion time and hence the cross-correlation rate 6. Four
different sample temperatures, 300, 283, 263, and
253 K were used. Fig. 6 shows the proton and fluorine
spectra obtained using recovery measurement at four
different temperatures. The spectra correspond to the
initial PPS state and that after an interval of 2.5 s. Fig.
7 shows the longitudinal relaxation times (7) of fluorine
and proton as function of temperature obtained from

300K 283K 263K 253K

FLUORINE

(0s)

oo | A M ML

(2.58)

D S W

(0s)

(2.58)|

PROTON

Fig. 6. Relaxation of Pseudo pure state as monitored on (A) fluorine
spin and (B) proton spin of the 5-fluoro 1,3-dimethyl uracil at four
different temperatures. The top row in (A) and (B) show the
equilibrium spectrum at each temperature. With decrease in temper-
atures the lines broaden due to decreased 7>. The second row in (A)
and (B) show the spectra corresponding to the |00) PPS, prepared by
spatial averaging method using J-evolution. The state of PPS was
measured by 90° pulse at each spin. The third row in (A and B) show
the spectra after an interval of 2.5 s after creation of the [00) PPS. The
fourth row shows the spectra immediately after creation of |11) PPS
and the fifth row, the spectra after 2.5s.

initial part of inversion-recovery experiment. A steady
decrease in 7T with decreasing temperature indicates
that the dynamics of the sample molecule is in the short
correlation time limit [21]. In this limit auto- as well as
cross-correlations increase linearly with decreasing
temperature.

All the spectra were fitted to bi-Lorentzian lines in
MATLAB and various parameters were extracted using
the Origin software. Fig. 8 shows the decay of the coef-
ficient A calculated independently from proton and fluo-
rine spectra. At 300 K, A” and A" showed almost same
rate of decay. As the temperature was gradually low-
ered, a steady increase in difference in decay rate was
observed. This is due to the steady increase in cross-cor-
relation rates with decreasing temperature, which is ex-
pected in the short correlation time limit. In Fig. 9 the
growths of the coefficients B and C are shown. Similar
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Fig. 7. Longitudinal relaxation time 7' of fluorine (A) and proton (B) as function of temperature, measured from the initial part of inversion
recovery experiment for each spin.
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Fig. 8. The deviation from initial value (at # = 0) of the coefficient A of Fig. 9. The growth of the coefficients B and C at different sample
the PPS term calculated from proton (left column) and fluorine (right temperatures. B was calculated from Fluorine spectrum while C was
column) at four different sample temperatures. The empty (O) and calculated from the proton spectrum. The empty (O) and filled (@)
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to the coefficient A, coefficients 5 and C also show differ-
ences in decay rate between |[00) and |11) PPS at lower
temperatures. The difference between B” and B' at
any temperature was found to be larger compared to be-
tween C" and C'"'. This is expected since, according to
Eq. (19) the dominant cross-correlation factor in B%
and B" is &, ;, which is the cross-correlation between
CSA of fluorine with fluorine-proton dipolar interaction
whereas in ™ and C'! the dominant factor is 0,1» which
is cross-correlation between a much smaller CSA of pro-
ton, and the fluorine-proton dipolar interaction. Thus it
is found that at lower temperatures the |00) PPS decays
slower than the |11) PPS. The dominant difference in the
decay rates arises from the cross-correlations between
the CSA of the fluorine and the dipolar interaction be-
tween the fluorine and the proton spin. To the best of
our knowledge, this is the first study of its kind where
the differential decay of the PPS has been attributed to
cross-correlations.

5. Conclusion

We have demonstrated here that in samples having
long T cross-correlations play an important role in
determining the rate of relaxation of pseudo pure state.
In QIP sometimes one or more qubits having compara-
tively longer longitudinal relaxation are used as storage
or memory qubits. Recently, Levitt and co-workers
[31,32] have demonstrated a long living antisymmetric
state arrived by shifting the sample from high to very
low magnetic field, suggesting that this long living state
could be used as memory qubit. In such cases, fidelity of
computation depends on how much the memory qubits
have been deviated from the initialized state at the
beginning of the computation till the time they are actu-
ally used. Theoretically it is shown here that in presence
of cross-correlations, all the four PPS relax with differ-
ent initial rates. For positive cross-correlations the |00)
PPS relaxes significantly slower than |11) PPS. It is
therefore important to choose a proper initial pseudo
pure state according to the sample.
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